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SHARP SOBOLEV INEQUALITIES
WITH LOWER ORDER REMAINDER TERMS

OLIVIER DRUET, EMMANUEL HEBEY, AND MICHEL VAUGON

ABSTRACT. Given a smooth compact Riemannian n-manifold (M, g), this pa-
per deals with the sharp Sobolev inequality corresponding to the embedding of
H?(M) in L?"/("=2) (M) where the L? remainder term is replaced by a lower
order term.

Let (M,g) be a smooth compact Riemannian n-dimensional manifold, n > 3.
Let H?(M) be the standard Sobolev space, defined as the completion of C>°(M)
with respect to

lullZrz = 1Vull3 + [lull3

where ||.||p, p > 1, stands for the LP-norm. By the Sobolev embedding theorem,
one has that H?(M) c L* (M), where 2* = 2n/(n — 2) is critical. Given 6 € [1,2],
there exist A, B € R such that, for any u € HZ(M),

(S0) lull3. < AlIVull3 + Bllull3

This easily follows from the Sobolev-Poincaré inequality. Now define K, as the
best constant K for the standard H?-Sobolev inequality in R™:

[ull2- < K[Vl
As is well known, see [T] and [24],

_ 4
" n(n — Z)wi/ "
where w,, stands for the volume of the unit sphere S™ of R**!. Mimicking what
was done in [I5], proposition 4.5, one easily checks that any constant A in (Sg) has
to be greater than or equal to K2. Conversely, one may prove that for any ¢ > 0,
there exists B. such that for any u € HZ(M),

lull3. < (K3 +)IVull3 + Bellull3

This follows from standard arguments, by locally comparing the Riemannian metric
with the Euclidean metric, and then by gluing together the local inequalities to get
the global one.

These few remarks lead to the consideration of the following sharp inequality:
for any u € HZ(M),

(Sopt) lull3. < KR[IVull3 + Bllul3
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where B € R. In what follows, we say that (Sgpt) is valid on (M, g) if there exists
B € R such that (S%,,) holds for all u € Hf(M). As one can easily check, if (S,
is valid for some 6y € [1,2], then it is also valid for all § € [0y, 2]. For § = 1, one
recovers a sharp inequality of Sobolev-Poincaré type.

Given 6 € [1,2], and (M, g) a smooth compact Riemannian n-manifold, n > 3,
this article deals with the question of how we can know whether (Sgpt) is valid
on (M, g) or not. Among others, such a question was considered in Aubin and Li
[3]. Since the work of Druet [10], we know that a key point when studying sharp
Sobolev inequalities is to prove that such inequalities are localisable. They may
then be affected by the geometry. In other words, sometimes they are valid and
sometimes not, depending on the manifold. This will be referred to as the effect
of geometry. In addition to the original [10], see also [11] and [12]. Another effect
that may occur when studying elliptic type problems, first pointed out by Brezis
and Nirenberg in their celebrated paper [6], is the so-called low dimensions effect:
a situation may change when passing from low dimensions to high dimensions. A
particularly interesting feature when studying the scale (Sgpt) of sharp inequalities,
6 € [1,2], is that it mixes both types of phenomena. For 6§ = 2, we know by
Hebey and Vaugon [19] that (S2,;) is always valid, without any assumptions on the
manifold. For 6 < 2, it appears that (Sgpt) is always localisable, with the property
that it is affected by the geometry when n > 4, but not when n = 3.

Concerning the terminology, a Cartan-Hadamard n-dimensional manifold is a
complete simply-connected n-dimensional Riemannian manifold of nonpositive sec-
tional curvature. We then refer to the n-dimensional Cartan-Hadamard conjecture
as follows: given a Cartan-Hadamard n-dimensional manifold (M ,§) and a smooth

bounded domain € in M, we ask for the inequality

Areag(0Q) o (wn,l ) o

Volg()(n=1/n =
that is the value one gets for the above ratio in the Euclidean n-dimensional space
when € is a ball. Such a conjecture has been proved to be true for n = 2 by Weil
[26], for n = 3 by Kleiner [22], and for n = 4 by Croke [§]. Our first result is the
following. We let S, and K, be the scalar and sectional curvatures of g.

n

Theorem 1. Let (M, g) be a smooth compact Riemannian n-manifold, n > 3. For

0 =2, (Sgpt) is valid on (M,g) without any assumption. On the contrary, for
0 €[1,2), (Sgpt) is valid on (M, g) if either K, is a nonpositive constant, or K is

nonpositive everywhere on M and the n-dimensional Cartan-Hadamard conjecture

1s true, but (Sgpt) is false if n > 4 and Sy is positive somewhere on M.

A main step in the proof of this theorem is to show that (SZ,,) is localisable—in
other words to prove that if for any z € M, there exist an open neighborhood 2,

of z, and B, € R, such that for any v € C2°(£2,),
[ull3. < K3 Vull3 + Bullull
then (S¢

opt) 18 valid on (M, g). For 6 = 2, a partition of unity easily gives the
localisation. For 0 < 2, it is proved here by PDE type arguments.
Regarding Theorem 1, one sees that for n > 4, and 0 < 2, (Sgpt) is valid
depending on the sign of the curvature. This is the illustration in our context of
the first type of phenomenon mentioned above: the effect of geometry. For n = 3,

as we see in Theorem 2 below, (S9,) is valid for any  on any manifold. One
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recovers there the second type of phenomenon mentioned above: the effect of low
dimensions. Theorems 1 and 2 were announced in [I3].

Theorem 2. For any smooth compact Riemannian 3-manifold (M, g), and for any
0 € [1,2], (S%,) is valid on (M, g).

opt

Now define By(g) in (S2,,) by

opt

Bo(g) = inf { B € R for which (S52,,) is true}

opt
Consider then the optimal Sobolev inequality: for all u € HZ(M),
(SBpr) [ull3 < KRI[Vull3 + Bo(g)|lull3

Such an inequality is always valid. By definition, we say that u € HZ(M), u # 0, is
an extremal function for (SZ 5 ) if u realizes the equality in (S3pr). The existence
of extremal functions for (S3 1) was studied by Hebey [16], and more recently by
Djadli and Druet [9]. It was proved in [16] that if n > 4, and ¢ is a conformal
metric to the standard metric h on the unit sphere S™, then (S% pr) With respect
to ¢ has extremal functions if and only if g and h are (up to a constant) isometric.
In particular, there exist manifolds of positive scalar curvature for which (S%p7)
does not have extremal functions. Among other results, it was proved in [9] that
when n > 4, (S2 pr) possesses extremal functions if either S, is nonpositive, or S, is
constant. As a concluding remark, following an idea that was developed by Humbert
[21], and quoting a theorem that was stated in the very recent announcement [I§]
by Hebey, Humbert and Vaugon, we wish to point out the influence that (S;,;) has
on the existence of extremal functions for the optimal Sobolev inequality (SZ 57 ).
This is the subject of Theorem 3 below.

Theorem 3. Let (M,g) be a smooth compact Riemannian n-manifold, n > 5.
Suppose that (S,;) is true. Then there exist extremal functions for (Sjpr). In
particular, (S(Q)PT) possesses extremal functions on flat tori and compact hyper-
bolic spaces, n > 5, or again on compact Riemannian n-manifolds of nonpositive
sectional curvature, n > 5, if the n-dimensional Cartan-Hadamard conjecture is
true.

The rest of the article is devoted to the proof of these three theorems.

1. PROOF OF THEOREM 1

As already mentioned, a main step when proving Theorem 1 is to show that
(59,,) is localisable. This is done through PDE arguments. A preliminary technical
lemma is needed.

Lemma 1. Let (M, g) be a smooth compact Riemannian n-manifold, n > 3, and
let ue HZ(M), u >0, be such that for any nonnegative p € HZ (M),

(1.1) /(Vu,V(p)dng/ u? " Lpd,
M M

Then uw € L>(M). Moreover, for any x in M, any A > 0, any p > 0, and any
q > 2%, there exists § > 0 such that if u is some nonnegative function of Hi(M)

satisfying (1.1) and
/ uldvg <A
B, (26)
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then

~ 1/p
sup u(y) < C’(/ updvg)
y€Bx(9) B, (26)

where C > 0 does not depend on .

We omit the proof of this lemma since it goes in a very standard way. Mimicking
what was done in Trudinger [25] when studying the regularity for the Yamabe
problem, one first gets that u € L¥(M) for some k > 2*. The lemma then follows
from the classical De Giorgi-Nash-Moser theory when studying inequations of the
type

Agut+cu<f

where Agu = —divy(Vu) stands for the Laplacian of v with respect to g. We let
c=—u2"2and f =0 here.

Going on with Theorem 1, we prove now that (S?

opt) is localisable.

Lemma 2. Let (M, g) be a smooth compact Riemannian n-manifold, n > 3, and
let 6 € [1,2]. Suppose that for any x in M, there exist an open neighborhood Q. of
x, and By € R, such that for any u € C°(Q,),

lull3 < KRIVull3 + Belull3
Then (S? ,) is valid on (M, g).

opt
Proof. For any o > 0, let I,, be the functional defined on HZ(M)\{0} by
Vul3 + ofjul?
Ia(u) _ ” HQ 5 ” ||9
[[ull3-

Under the assumptions of the lemma, namely that (S? ,) is locally valid, the lemma

opt
reduces to the existence of some aq such that
1
inf I, (u) > —
oy o 2 K3
We proceed by contradiction, and assume that for any a > 0,
1
1.2 inf I,(u) < —
(12 mmo ™ < 72

The proof then goes in several steps.
Step 1. We claim that (1.2) implies the existence of a nonnegative minimizer for

=  inf I
“ T manoy a(u)

If 6 > 1, the proof of such a claim is quite standard. If 8 = 1, one may proceed as
follows. For ¢ < 2*, let §; > 1 be given with the property that 6, goes to 1 as ¢
goes to 2*. We fix a > 0 and for ¢ < 2* we let

IVull3 + ollullg,

Ay = in
T H20\{0) [Jull2

Since the embedding of HZ(M) in L4(M) is compact, and since the above functional
is homogeneous, there exists a nonnegative minimizer u, for A, such that |lu,l|, = 1.
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Clearly, u, is a weak solution of

21
9q
(1.3) Aguq +a ( /M uquvg) Wl = At

where A, stands for the Laplacian with respect to g. As one can easily check, up
to a subsequence we may assume that for some A\, < pq, the sequence (A,) goes
to A, as ¢ goes to 2*. Noting that (u,) is bounded in H7(M), we see that there
exists u, € Hf(M) such that, up to a subsequence, (u,) converges weakly to uq
in H2(M), strongly to u, in L?(M), and almost everywhere. Moreover, one can
assume that

ug_l — 42 in L (M)

where 2¢ = 2n/(n + 2) is the conjugate exponent of 2*. By (1.2), and since for any
£ > 0 there exists B, such that for any u € HZ(M),
lull. < (K5 + ) IVull + Belullf

one has that u, # 0. This is by now standard. Let ¢, = 6, — 1. Clearly, (ug’) is
bounded in LP(M) for any p > 1. Concerning such an assertion, just note that for
qg>1,

1/p €q/2 1_c%a
(1.4) (/ uheadu, ) g(/ uddo,) VP
M M

where V; stands for the volume of M with respect to g. Since LP-spaces are reflexive
for p > 1, there exists X, € (), LP(M) such that for any p > 1, and up to a
subsequence,

p>1

ug? = ¥, in LP(M)
Passing to the limit as ¢ goes to 2* in (1.4), one gets that for any p > 1,
[Zallp < V7P

As an easy consequence, ¥, € L®(M) and 0 < X, < 1. Another easy claim is
that X, = ¢ for any ¢ € H?(M) having the property that |¢| < Cu, on M for
some constant C' > 0. By passing to the limit in (1.3), one gets that u, is a weak
solution of

(1.5) Aguq + a(/ uadvg)Ea = )\aui*,l
M

Clearly, ||ua |2+ < 1. Mutiplying (1.5) by u, and integrating over M gives
[Vual3 + oflual3
l[uall3.
As one can easily check, this implies that ||ua||2+ =1 and A, = po. In particular,
Ugq is a minimizer for u,. The above claim is proved.
From now on, let u, € HZ(M), uq > 0, us # 0, be the minimizer for u, given
by step 1. As shown in the proof of step 1, we can choose u, such that

/ u?;dvg =1
M

and for some %, € L*°(M), with the property that 0 < X, < 1, u, is a solution of

2_1 x_
(Ea) Agug + a(/ ufydvg) TN = pau? Tt
M

= /\a||ua||§:72
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Moreover, ¥, = u9~1if § > 1, and if § = 1, then S,9 = ¢ for any ¢ € HZ(M)
having the property that |p| < Cu, on M for some constant C' > 0. By lemma 1,
uq € L®(M). Hence, u, € HY(M) for any p > 1, and u, is actually in C1* for
any A € (0,1). As another remark, the sequence (u,) is bounded in HZ(M).

By definition (this is by now classical) we say that x € M is a concentration
point for the sequence (u,) if for any 6 > 0,

lim sup/ ui* dvg >0
B4 (9)

a——+00

Since M is compact, the existence of at least one such point is easy to get. We
prove the uniqueness of the concentration point in step 2.

Step 2. We claim that, up to a subsequence, (u,) has one and only one con-
centration point. Given 2 € M and § > 0, § small, let n € C°(B,(5)) be such
that 0 <7 < 1and n =1 in B,(§/2). Multiplying (E,) by n?uk, k > 1 real, and
integrating over M lead to

2_
/ nQUI(ZAguadvg—i—a(/ uzdvg)" 1/ n?uf =1 dy,
M M
= ,LLa/ n u2 +h— 1dU
As one can easily check,
2,k (k+1)/2Y)2

Ajuqd V( d

[ Ao, = o [ Vi,

20k — 1
T [ e, — 2 [ e,

while, by Holder’s inequality,

« 2/2" « (27-2)/2*
/ P 1y, < (/ (qulk+1/2)2 dvg) (/ w2 dvg>
M B.(5)

According to Hebey and Vaugon [19], there exists B > 0 such that for any u €

HE (M),
R 2/2*
(/ |u|? dvg) SK,QZ/ |Vu|2dvg+B/ u?dv,
M M M

Coming back to (1.6), and since the second term in the left hand side of (1.6) is
nonnegative, one gets that

(1.6)

X 2/2" k-1
Aa(ka5)</ (ngk+1)/2)2 d’Ug) < WKEL/ n(Agn) kHdU
M M

(1.7)
k‘ 1
+ K2/ \Vn|u k+1dvg+B/ w1 du,

where

B (k+1)2 5 / o (2" -2)/2"
Aq(k,0)=1 P uaKn< o Uz dvg)

Suppose now that x is a concentration point for (us). Given d > 0, let

lim sup / ui* dvg = As
B4 (9)

a——+00
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Then \s > 0 and As < 1. Assume that A\s < 1 for some ¢ > 0. Together with (1.2),
we may then choose k > 1 sufficiently close to 1 such that

(k+1)2
4k

The right hand side of (1.7) being bounded for k& > 1 close to 1, we get with (1.7)
the existence of K > 0 such that for a > 1,

M

By Hoélder’s inequality, writing 2* = (2* — k — 1) + (k + 1),

. .28 (k=) (2*—2)/2* . 2/2*
/ w2 dv, < (/ w7 duy) ( / (- F0/2)2 v, )
B.(6/2) M M

K2/2* (/ ui*722&‘k:21) d’[)g)(2 —2)/2
M

Noting that for £ > 1 close to 1,

- pa KA D2 S g

IA

2*(k — 1)
1<2f———= < 2%
< o _ 9 <
one gets
(1.8) lim u2 dvy =0

a——+00 B, (5/2)

Concerning such an assertion, just note that multiplying (F,) by u, and integrating
over M gives that the L'-norm of u, goes to 0 as a goes to +0o, so that the L9-
norm of u, also goes to 0 for any 1 < ¢ < 2* (by Holder’s inequality and since
the L2 -norm of u, is 1). Since (1.8) contradicts the definition of a concentration
point, one actually has that As = 1 for any § > 0. As one will easily check, up to
the extraction of a subsequence, this implies that a concentration point must be
unique. The above claim is proved.

We let 2o be the concentration point for (uy). Given x # xg, one gets with (1.7)
that for 6 > 0 small, the L(2)*/2-norm of u, in B,(9) is bounded. Together with
lemma 1, noting that (2*)2/2 > 2*, this implies that

(1.9) Uy — 0 in O (M\{zo})

as a goes to +0o. Mimicking what was done in Druet [I0], the final argument in
the proof of lemma 2 goes in the following way.

Step 3. We claim that (1.2) is impossible for « sufficiently large. By assumption
there exist B € R and ¢ > 0 such that for any u € H§ , (Bs),

. 2/2* 2/6
(1.10) (/M M dvg) < K2 /M Vul2dv, + B(/M |u|0dvg)

where Bs = By, (0) and Hj ; (Bs) stands for the completion of C¢°(Bs) with respect
to ||| gz. We let n € C2°(Bs) be such that 0 <7 < 1 and n = 1 in By for some
§" € (0,9). If we set n’ =1 —n, (1.10) leads in particular to

x * 6
(/ u? dvg>2/2 < K,QL/ V(1 =7 )ua)Pdvy + B(/ uzdvg>2/
B M M

s/
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Clearly, there exists C' > 0, independent of «, such that
/ IV((1 =7 )ua)Pdvg < / | Vg [2dv, + C’/ |V |*dv,
M M M\ By
+C Ua| Vg |dvg + C uZdv,

M\ By M\By/

Multiplying (E,) by u,, and integrating over M, gives

2/6
/ | Vg [2dv, + a(/ uidvg) = Lo
M M
Hence,

(/B ui*dvg)Q/Q* < K e —aK? (/M uzdvg>2/9

5!

+C |Vua|*dv, + C/ Ua|Vua|dug
M\By M\By,

2/6
+C uidv, + B(/ uidvg)
M\By/ M

for some other constant C' > 0 independent of «. Clearly,

. 2/2" .
1—(/ u? dvg> S/ u? dvg
By M\Bg/
1/2 1/2
/ Ua|VUa|dug < (/ uidvg) (/ |Vua|2dvg)
M\Bg/ M\Bg/ M\Bg/

Since 1o K2 < 1, one gets

while

K Be fM\le u? dv, fM\le |Vug|2dog fM\le u?dv,
Afhn = B> , 2/6 \ 26 T , 2/0
(fM uadvg) (fM uadvg) (fM uadvg)
(1.11) 1/2 1/2
L C fM\Bé/ ugdvg fM\BS, |Vua|*dvg
2/6 270
(fM ugdvg> (fM ugdvg)
By lemma 1,

/ uidvg < Vg( sup ua)2
M\ By M\ By

C(/M uidvg) e

where V, stands for the volume of M with respect to g, and C > 0 is independent
of a. As a consequence,

IN

2
fM\BS, ugdvg

(fM Ugdvg)z/e =

(1.12)
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Together with (1.9),

so that

2
(1.13) lim 22— =

For §” € (0,¢), let 0 < n” < 1 be a smooth function on M such that n” = 0 on
Bs» and " = 1 on M\ Bs». Mutiplying (E,) by (7”)%*ua, and integrating over M,
gives

/M(n”)2|Vua|2dvg + 2 /M 0 ua (V" Vuy)dv, < K, 2 /M(n”)Qui*dvg

In particular,

/M<n“>2|wa|2dvg

12, 2% "2, 2 1/2 1\2 2 1/2
SC/ (") ug dvg+0(/ V"l uadvg) (/ (") Va| dvg)
M M M

for some constant C' > 0 independent of «. Hence,

Jar ()2 Vua|*dug

270
(fM ugdvg>
1/2 1/2
< CIM(n”)QUgjdvg +C fM |V77”|2U'(2ydv9 fM(n”)leua|2dvg
= 2/0 270 2/6
(fM ugdvg) (fM ugdvg) (fM ugdvg)
By (1.13),
11\2 2*d
hrf fM(U ) us, 27;5; -0
(fM ugdvg)
while by (1.12),
fM |Vn//|2ugcdvg < C

2/0 =
(fM ugdvg)
for some C' > 0 independent of «. Noting that

fM\Bé/ | Vua|*dvg < Jar (") [ Vua|*dv,

(fM uzdvg)Q/a - (fM uzdvg)Q/a
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one gets the existence of C' > 0 independent of « such that

|Vug|?dv
(1.14) Jans,, a—
/6
(fM uﬁdvg)
Combining (1.11) with (1.12)—(1.14), leads to a contradiction. This ends the proof
of the lemma. O

We prove now Theorem 1.

Proof of Theorem 1. Given a smooth compact Riemannian n-manifold (M, g), sup-
pose first that its sectional curvature K, is nonpositive, and that the n-dimensional
Cartan-Hadamard conjecture is true. Let (M , §) be the universal Riemannian cov-
ering of (M, g). Then for any smooth bounded domain 2 in M,

Areaz(09) o (wn_1>%

1.1
(1.15) Voly(Q)n1/m ="

n
By standard arguments (see for instance Aubin-Druet-Hebey [2] or Hebey [17]),
(1.15) implies that for any u € C2°(M),

2* 2/2* 2 2
(1.16) (/M Jul dvg) < K2 /M|Vu| dvg

Since (M, g) is locally isometric to (M, §), for any 6 € [1,2], (1.16) implies that
(59,,) is locally valid on (M, g). By lemma 2, this implies that (SZ,,) is valid on
(M,g). The same argument leads to the same conclusion if K, is a nonpositive
constant, since (1.15) holds for hyperbolic space (and Euclidean space).

Conversely, let us prove that (59, is false if 6 € [1,2), n > 4 and Sy > 0
somewhere on M. We can do this very simply. The result was also announced in
Aubin and Li [3]. Given x € M such that S,(x) is positive, we let 7 > 0 be such

that r < i4(z), the injectivity radius at . In geodesic normal coordinates,

1 1
det(g;:)ds =1 — — S, (z2)r® + O(+*
o fo Vaetaunds = 1= s+ 00

where S(r) stands for the sphere of radius r and center « in M. For € > 0, we
define

Ue = (6—1—7"2)17"/2 — (5—1—62)17"/2 ifr<§

ue = 0 otherwise

where § € (0, ig(x)) is given and r = dy(z,.). Easy computations lead to

_ 2
/ |Vu5|2d’l]g = %12/2 El—n/Q
M
(n+2) .
- <1 6n(n —4) Sy(x) € + 0(6)) ifn>4
B ) S R

2
x (1 + 5, () cLoge + o(cLoge)) if n=14
n 6n g
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and
/u?*dvg > %m/z e /2
M

2n
1 .
X (1 - mSg(x) €+ o(a)) ifn>4
(n - 2)‘*)”*1 n/2 .—n/2
> o I)/* ¢

><(1 +0(€Log6)) ifn=4

where I}l = O+Oo (1 + t) “Ptadt. As one can easily check,

win 212/2_1 _ (n_Z)Ig/Q
2n 1wn 1 n
Hence,
(n=2%wn 1 o 1 ((n — 2wt /2><n—2>/n
2 " K(na 2)2 2n "

Independently, for 6 € [1,2),
/ wdv, = o(e>™™?) ifn>4
M
= o(Loge) ifn=4
Given B € R, this leads to
[Vue|l3 + Bllue |3

[uell3-

IN

K;Q(l - %e + 0(5)) ifn >4

1
< K4_2(1 + gSg(x)eLoge + 0(6Loge)) ifn=4
As a consequence, for n > 4 and any B € R,

[Vue|3 + Bllusllf _ 1
e 13- K3
provided that € > 0 is small. Clearly, this ends the proof of Theorem 1.

2. PROOF OF THEOREM 2

279

An interesting situation where Theorem 2 is easy to get is when the manifold
considered is conformally flat. This includes the case of the standard 3-sphere. The
result is then an easy consequence of the following inequality obtained by Brezis
and Nirenberg [6]: for {2 a smooth bounded domain in R?, and for any u € C2°(2),

(2.1) lull3e < K3IVull3 — XQI™>5|ull3

where || stands for the volume of Q, and A > 0, known explicitly, does not depend
on Q. If £ stands for the Euclidean metric, and (M, g) is conformally flat, then for
any z in M, there exist r, > 0 and a smooth positive function ¢, on M such that
in some chart at z whose domain contains Q. = B,(r,) we have £ = ;g on Q,.

As one can easily check, for u € C°(§2

1
/ |V (ups) 2dx—/ |Vu|2dvg g/MSQUdeg



280 OLIVIER DRUET, EMMANUEL HEBEY, AND MICHEL VAUGON

where S, stands for the scalar curvature of g. Coming back to (2.1), for any

u € CX(y),
1/3 . 2
(/ uﬁdvg) + A|Qx|*2/3/ = v,
M M P

1
< K:,?/ |Vu|2dvg + gKg/ Sgu2dvg
M M
Choosing r, > 0 small enough so that
; 1
)\|QI|*2/‘3(man0;4) > gKg(mang)

one then gets that for any x € M, there exists an open neighborhood €2, of x such
that for any u € C°(£,),

1/3
(/ uﬁdvg> SK%/ |Vul?dv,
M M

By lemma 2, this proves the above claim.

For an arbitrary smooth compact 3-manifold, we need to be more subtle. The
argument there follows estimates that were obtained by Druet [L1] in his resolution
of the conjecture on sharp Sobolev constants. Clearly, it suffices to prove the
result for 8 = 1. As when proving that sharp Sobolev inequalities with lower order
remainder terms are localisable (lemma 2), we proceed by contradiction. We assume
therefore that for any a > 0,

1

(2.2) u) < K_g

inf I
HZ(M)\{0}
where

oy = 173 + ol
||U||6

As in the proof of lemma 2, (2.2) leads to the existence of a minimizer u, € HZ(M)
with 1, > 0 and of norm 1 in LS(M). If y, stands for the above infimum, one has
in addition that

Aguq + a(/ uadvg)Ea = uauz
M

where ¥, € L>(M) is such that 0 < ¥, < 1 and X,¢ = ¢ for any ¢ € HZ(M)

having the property that |p| < Cu, on M for some constant C' > 0. Moreover, u,

is actually C1* for any A € (0,1), and the sequence (u,) is bounded in HZ(M).
Multiplying (E4) by ¢, and integrating over M, we get that

IVuall3 + olluallf = pa

As a consequence, ||uqll1 — 0 as a — +oo. By Hélder’s inequality, and since u,, is
of norm 1 in LS, this implies that |lua|l2 — 0 as @ — +o0. By Hebey and Vaugon
[19], there exists B € R such that for any u € C*>° (M),

lulld < K3 Vull3 + Bllull3
Taking u = u,, in this inequality, we get

1 < Ki|[Vuall3 + Blluall3 < K3pa + Blluall3
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Together with (2.2), this implies that

1
(2.3) LM e = 2
Similarly,
1= Bllual3 < K[| Vuall3 = Kipa — afuall}
so that
(2.4) Jim_afjullf =0

Now define a concentration point x for (u,) by the property that for any 6 > 0,
lim sup / uSdv, > 0
a—+00 J B, ()

As in the proof of lemma 2, we get that, up to a subsequence, (u,) has one and
only one concentration point xzg. One may then assume that for any § > 0,

(2.5) lim ubdv, =1
a——+00 Bwo (5)

Moreover,

(2.6) Uy — 0 in O (M\{zo})

as «a goes to 4o00.
We let z, € M and A\, € R be such that

Ua(Ta) = [[Ualloo = )‘;1/2

According to what we just said, z,, — 2o and A, — 0 as @ — +o00. By (2.4), noting
that

1= Jluall§ < lluallZllually
one gets that
(2.7) lim aA?||ug) =0
a——+00

Here again, the proof now splits into several steps.
Step 1. We claim that for any R > 0,

(2.8) lim uSdvy, =1—¢g
A=+ /B, (RAa)
where eg > 0 is such that eg — 0 as R — +o00. We let exp, be the exponential
map at z,. There clearly exists § > 0, independent of «, such that for any «, exp,,
is a diffeomorphism from By(d) C R? onto B, (). For z € Bo(A\;'), set
) = (expy, 9)(Aa)
Go () = A\ ?u, (exp,, (Aa))
Yo = Yo (exp%(/\ax))

Jalz

As we can easily check,
(Ea) Ag. it + ol|ua 1IN S0 = paii
Moreover,

(2'9) ’&O((O) = H'aozHoo =1
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and, if ¢ stands for the Euclidean metric of R3,

(2.10) lim g, =¢ in C*(K)

a——+00

for any compact subset K of R3. By (2.7), (2.9), and theorem 8.24 of Gilbarg and
Trudinger [T4], (@,) is equicontinuous on any compact subset of R3. By Ascoli’s
theorem, one gets the existence of some 4 € CY(R?) such that for any compact
subset K of R3,

(2.11) lim g =4 in L™(K)

a——+00
Clearly, @(0) = 1 and @ # 0. It is easy to check that @ € H§ ,(R?), where H§ , (R?)
stands for the completion of C°(R?) with respect to

lullg, =/ [ | 1Vulda

Indeed, let n € C°(R3), 0 < n < 1, be such that n = 1 in By(6/4) and n = 0 in
R\ By(8/2). We set 1q(z) = 1(ptat), and

Pa () = Na(2)ia(r)
Then, ¢, € CLR?), and p, — @ in L>°(K) for any compact subset K of R3.
Clearly, there exists C' > 0 such that for any «,

Ioallmz, < C / Vpa*du;,

IN

c / V2| Viia|2dus, + CN2 / V(o) 22 dug,
R3 R3

On the one hand,

/ w2 dvg, = /\;2/ u?dv,
Bo(8Aa ) Bz, (9)
On the other hand,

[oliaPav, < [ P, = [ (uafae,
R Bo(8xa") Bza ()

Hence, (pq) is bounded in H§ ,(R?), and since Hg | (R?) is reflexive, @ € H§ ; (R?).

This proves the above assertion. By passing to the limit as a goes to +o0 in (E,),
according to (2.3), (2.7), (2.10), and (2.11), one now gets that @ is a solution of

R
(2.12) Agli = 7;“5
By Caffarelli-Gidas-Spruck [7], or also Obata [23],
i 3K2  \1/2
i) = (3K§ + |x|2>

since %(0) = 1. Noting that @ is of norm 1 in L°(R?), and that for any R > 0,

/ ugdvg = / ﬂgdvga
Bao (RAa) Bo(R)

one gets that

lim ugdvg =1- / wSdx
a=+%0 /B, (R\a) R3\ By (R)



SHARP SOBOLEV INEQUALITIES 283

Clearly, this proves (2.8) and the claim we made in step 1.
Step 2. We claim that there exists C' > 0, independent of «, such that for any
«, and any x,

(2.13) dy(Ta, ) ?uq(z) < C

where d4 stands for the distance with respect to g. In order to prove this, set
va(2) = dg(@a, ) ?uq(2)

and assume by contradiction that, for some subsequence,

(2.14) QEIEOO lvalloe = 400

Let y, be some point in M where v, is maximum. By (2.6), yo — 2o as @ — 400,
while by (2.14),

(2.15) lim %o Ya)

a——+00 /\a

= 400

Fix 6 > 0 small, and set

Qo = Ua (yoz)Q eXp;(,l (Bﬁca (5))
For = € Q,, define

U (T) = Uq (ya)_lua (eXpya (ta (ya)_Qx))

and

he (x) = (exp;a 9) (ua(ya)igr)
Clearly,
(2.16) lim h, =¢ in C*(By(2))

a——+00

Moreover, as one can easily check,
(2.17) Ap, Do < padd

Since v, (Yo) goes to +00 as « goes to 400, using (2.14), one gets that for « large,
and all x € By(2),

dg(xou yoz)

N =

(2.18) dg (xa,expya (ua(ya)_Qx)) >

This implies that

IN

V20 (20, Ya) 0 (ya) " va (expy, (e (ya) 22))
< \/idg(wmya)_l/Qua(ya)_lva(ya)
so that for « large,

(2.19) sup U (z) < V2
z€Bp(2)

By (2.15) and (2.18), given R > 0, and for « large,
By, (2u(,(ya)_2) N By, (RAa) =0

Vo ()

Noting that

/ o8 duy,, :/ ugdvg
30(2) Bya (2ua(ya)_2)
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and using (2.8), one gets that

(2.20) lim 8 dvy, =0
a=+o0 /By (2)

By (2.16), (2.17), (2.19), (2.20), and the De Giorgi-Nash-Moser theory, as used in
lemma 1, we get

lim sup 0o(x) =0
a—+oo z€By(1)
But 9(0) = 1, so that (2.14) must be false. This proves (2.13) and the claim we
made in step 2.

Step 3. We prove the theorem, showing that (2.2) leads to a contradiction. We
take & > 0 small (to be fixed later on), and for any «, we let n, € C°(B,,, (49))
be such that 0 <1, <1, 1, =1 in B,_(26), and |Vn,| < C/é. Here, and in what
follows, C' denotes a constant independent of o and 0. By Brezis and Nirenberg [6],
inequality (2.1), and passing through geodesic normal coordinates,

1/3
(/ uidm) < Kg/ |V(nau(y)|§dx
B, (26) B.., (46)

A
52 J

(2.21)

(Na ua)2 dx
(49)

To

where A > 0 does not depend on « and §. When confusion is possible, we write |.|¢
and |.|4 to specify the metric with respect to which norms are taken. Starting from
the Cartan expansion of g in such coordinates, we get

|v(77aua)|g < (1 + Cdy(xaa x)2)|v(77aua)|_¢2;
and
(1 — Cdy(za,2)?)dvy < dx < (14 Cdy(za,z)?)dv,

Hence,
(2.22) / IV (nata)lde < / (14 Cdy(2a, ))|V (atia) 2dv
By, (49) B, (49)

On the one hand,

C
/ |V(77aua)|§dvg < / |Vua|£27dvg + 5—2/ uidvg
Ba,, (45) M M\B,,, (25)

C
+— Ua|Vua|dog
0 JM\B.., (26)

Multiplying (E,) by e, and integrating over M, gives

/B (49)

(2.23
) C ) C
+ uzdvg + — Ua| Ve |gdyg
0% B, (25) 0 Jan\B,, (25)

2
|V(naua)|§dvg < po — a(/M uadvg)

To
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On the other hand,

/ dg(xavx)2|v(naua)|§dvg <C uidvg
(2.24) (49) M\Bg,, (26)

+ 2/ 772|Vua|3dg(ma,x)2dvg
(49)
Integrating by parts, and using (E,), we get

/ 77(21|Vua|3dg(xa,x)2dvg
2o (46)

(2.25) < C/ o(Ta, ) Maugdog + C Ua|Vita|gdug
(45) M\Bg,, (26)
+C u?dv, + C/ n2u2dv,
M\ Bgz,, (26) o (49)
By (2.13),
(2.26) / dy (e, 2)*n2uldv, < C/ n2u2dv,
(45) . (45)

Combining (2.24), (2.25), and (2.26), we get

/ Ay (@0, 2|V (fatta) 2y < C / R dv,
(49) By, (49)
C

(2.27) o
+ = U |Vualgdvg + = / uZdv,
8 Jar\B., (26) 0% JM\Ba, (20)

Independently,

/ uS dx > / uldv, — C/ dyg (e, z)*ub du,
B.., (26) B.., (26) B.., (26)

so that, again by (2.13),

/ uS dr > / uSdv, — C/ u?dv,
B, (26) Ba, (26) Ba, (26)

For « large, noting that B, (d) C By, (29), one gets from (2.5) and the fact that
||luall2 — 0 as @ — 400, that the right hand side in this inequality is positive. Since
it is also less than 1,

1/3
(/ ugdx) > / ubdv, — C/ uZdv,
B, (26) B, (26) Ba, (26)
and

(2.28) ( /

1/3
ugdx) 21—/ ul dv, —C/ n2u2dv,
(26) M\B,, (26) (48)

J3a J3a
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By (2.2), (2.21), (2.22), (2.23), (2.27), and (2.28), one gets

aK? (/M uadvg)2

C
(2.29) S/ ugdvg + 5—2/ uzdvg
M\ B, (26) M\ B,,, (26)
C A 9 o
+— Ua|Via|dvg + (C — <) N s dvg
0 Jan\B,, (26) 6" B, (45)
We now fix § > 0 sufficiently small so that
A
C—-—=<0

52
Noting that By, () C By, (20), and writing by Hélder’s inequality that

/ Ua|VUa|dug < / udv, / |Vug|2dvg
M\ B, (25) M\ By, (26) M\ By, (26)

one gets with (2.29) the existence of some constant C' > 0, independent of «, such
that

ak? < fM\Bwo (9) ugd;’-‘? fM\BwO (5) “?xd;’g
(2.30) (Jar taddvg) (f3 uadvg)
fM\Bm((S) ug,dvg 172 fM\BmO(é) [Vual*dvg\1/2
( (e uadvg)Q ) ( (s uadvg)Q )

As in the proof of lemma 2, see (1.12)—(1.14), the right hand side in (2.30) is
bounded by some positive constant independent of a. Since the left hand side of
(2.30) goes to +00 as a goes to +00, we get a contradiction. This ends the proof
of Theorem 2.

3. PROOF OF THEOREM 3
Given a > 0, let I, be the functional defined on HZ(M) by
Io(u) = [Vull3 + allull3

and let H be the set of functions u € HZ(M) such that |julj~ = 1. According to
the definition of By(g), if o < By(g)K,, 2, then

1
3.1 inf 1, < =
(3.1) Jnf To(u) Kz
By standard arguments, this leads to the existence of a smooth and positive solution
uq € H of the equation

(3.2) Agug + otig = /\au3;71
where A, is the infimum in the left hand side of (3.1). Suppose now that (S,;) is
true, and let B be some constant in (S;pt). Multiplying (3.2) by 4, and integrating
over M, gives us

1 = luall3
K| Vuall3 + Blluall?
NI — @l |uall3 + Blluall?

IN
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Since A\, K2 < 1, and aK2 < By(g), it follows that

2B

B
3.3 2 — 2 7 2
(3.3) luallf < rellvall < 5o luall?

for a close to Bo(g)K,, 2. Independently, integrating (3.2) gives that

o[ualls = Aallwall3- 21

When n > 6 we have 2* — 1 < 2, and by Holder’s inequality,

* nt2 _n=6_
(3.4) Hu(yHg*:i < HuaHQn—Q%z(”,z)

Combining (3.3) and (3.4), we get

QB)\Q n—6 2(n+2)
2 < « V(7L72) n—2
HU’O(HQ — agBO(g) g ||ua|2

Clearly, this leads to the existence of C' > 0, independent of «, such that
(3.5) lualle = C
If n = 5, we write, by Holder’s inequality,
. 3 5
luall3-21 < lluall3 lualls.
Since uq € H, it follows that ||uql/2» = 1, and one gets
. 3
(3.6) luall321 < lluall3

Combining (3.3) and (3.6), we find that

2B)\? .
2 e 3
Uallz £ 55 llta
el < 2t sl
Hence, again, there exists C' > 0, independent of «, such that
(3.7) luallz > C .

We now let a go to Bo(g)K,, 2. Clearly, (u,) is a bounded sequence in HZ(M).
Up to a subsequence, it then converges weakly to some u in HZ(M), and strongly
to w in LP(M), p < 2*. Moreover, one may also assume that A, — A. By (3.5)
and (3.7), u is nonzero. Standard arguments then give that u is a smooth positive
solution of the equation

(3.8) K2A u+ Bo(g)u = AK2u* !
Clearly, |Jul|2« < 1. Set
Bo(g) U
= and v =
"TOKR? Ja]l2-

Then, I,,(v) > K, 2, and hence, by (3.8),
LK [uf)3.72

Since AK2 < 1 and |Julj2- < 1, this implies that AK2 = 1 and |[julj2- = 1. In
particular, u is a nonzero extremal function of (S%p7). The theorem is proved.
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